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ABSTRACT

A higher-order accurate meshing algorithm for non-smooth surfaces defined via Boolean set operations from smooth
surfaces is presented. Input data are a set of level-set functions. This geometry definition allows an easy detection of
non-smooth features such as corners and edges. Furthermore, edges can be treated as intersection curves. At first, a
linear reconstruction of the surface is subsequently generated with octree decomposition, corner- and edge-detection
and surface meshing. Based on this, first the edges and then the interior nodes of higher-order Lagrangian elements
are projected onto the implicit surface. Various projection methods are studied for nodes of edge elements and surface
elements. Special attention is paid to the accurate meshing of tangential intersection curves. Optimal convergence
properties for approximation problems are confirmed in numerical studies.

Keywords: higher-order finite elements, curved surface meshing, implicit surface, intersection prob-

lems, element lifting

1. INTRODUCTION

For finite element analyses, the discretization of the
computational domain by means of a mesh is an essen-
tial prerequisite that can vastly influence the quality
of the results. For analysis with higher-order methods
such as the p-FEM, the mesh quality plays an even
more critical role [1, 2, 3, 4]. It is not only impor-
tant to accurately consider boundary features such as
corners or edges. Also the placement of the inner- or
higher-order element nodes is crucial for achieving the
expected rates of convergence. For geometries created
within a solid modeling environment, curved meshes
for such methods are often created based on their para-
metric boundary representation. However, numerous
challenges are encountered for geometries where trim-
ming and ill-parametrization are involved, which fre-
quently is the case in practical applications. Therefore,
a promising alternative is to create such meshes based
on the implicit description of the solid model, rather
than just its boundary. This implies that boundary
features such as corners, edges and surfaces are to be
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reconstructed in that order (specifically) for the pur-
pose of mesh generation.

This contribution concentrates on the automated cre-
ation of surface meshes and edge meshes suitable
for higher-order accurate finite element methods such
as the p-FEM, for the case that geometry defini-
tion is available through a purely implicit represen-
tation. More specifically, the geometry description
consists of multiple solid bodies implicitly described
through analytical functions. While the boundary of
each body itself must be smooth, their combination
through Boolean operations—as usual in the concept
of constructive solid geometry (CSG) [5]—may con-
tain C° and C" continuous edges, hence, leading to
non-smooth surfaces. The inclusion of C'' continuous
edges is necessary: They are commonly found in typi-
cal engineering geometries, where surface segments of
different curvature meet along a line, for example in
pipe bends or car bodies. Ignoring them, or not con-
sidering them accurately enough, introduces a geom-
etry discretization error dominating and diluting the



convergence behavior of the finite element method as
shown in [6]. Their accurate discretization has already
been covered in [7].

1.1 Previous Work

Most commonly, higher-order surface meshes for ge-
ometries defined within a solid modeling software are
created by using the parametric mapping provided by
the boundary-representation (B-rep, usually described
through NURBSs) of the geometry to map a mesh
from some reference domain onto the surface patch.
See [8] or text books such as [9, 10] for general B-rep
meshing and e.g., [11, 12, 13, 14, 15] and the references
cited therein for (curved) higher-order meshing.

An alternative to using the parametric B-rep of a solid
model for mesh generation is to use the implicit de-
scription. Basically, this amounts to the task of tri-
angulating implicit surfaces. For this task, existing
methods are split according to [16] into spatial parti-
tioning methods, such as the marching cubes algorithm
[17], that discretize the ambient space to then intersect
this discretization with the implicit surface and into
continuation methods. These start by finding a point
on the surface (or edge) and then continuously add
new points to the triangulation. The marching trian-
gles algorithm [18] or advancing front method [19, 20]
belong to this category. See also [21] for a review on
surface triangulation methods.

These methods mentioned, however, do not explicitly
consider non-smooth surfaces, i.e., those containing
corners, edges and transition regions. Additional work
to consider sharp features include for example [22, 23].
These, however, do not make use of the multi-surface
definition assumed in this paper, and it is not clear
how accurate these methods can resolve C' contin-
uous edges. When considering this special geometry
definition, sharp features such as edges or corners can
be defined as intersection of the smooth sub-surfaces.
Their detection leads to a surface-surface intersection
(SSI) problem, which has also been widely studied in
literature [24, 25]. Works such as [26, 27, 28] consider
the intersection of two implicitly defined surfaces and
[29] even considers tangential intersections resulting in
C*' continuous edges.

So far, only linear geometry discretization was dis-
cussed. For higher-order mesh generation, approaches
may be divided into direct methods that use the
parametrization of a solid model to directly create a
curved mesh. A posteriori methods, start with a linear
mesh and lift inner nodes into the curved surface. For
an overview see [30] and the references therein. Most
research in that field assumes the geometry descrip-
tion to be available as B-rep. Regarding the curved
meshing of implicitly defined geometries, the series of
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works [31, 32, 33, 34, 6] deals with the generation of
curved higher-order elements based on a purely im-
plicit description. Therein, a special issue is how to
place inner nodes such that a smooth isoparametric
mapping is implied and that optimal rates of conver-
gence are achieved.

1.2 The Contributions of this Publication

The novelty of this publication is that it presents a
way to create a curved mesh of non-smooth implic-
itly defined geometries that is usable for higher-order
methods such as the p-FEM in a sense that the created
meshes allow for optimal rates of convergence.

The presented approach is a two-staged bottom-up ap-
proach, that first discretizes corners, edges and sur-
faces in that order, and then in a second stage subse-
quently creates higher-order meshes for edges and sur-
faces. On the first glance it might seem as if that could
also be achieved by employing any of the existing algo-
rithms for implicit surfaces with simply projecting the
higher-order nodes onto the surface a posteriori. But
already the linear discretization needs to be created
with the goal of higher-order accuracy in mind. Fur-
thermore, not all methods of projecting element nodes
onto the surface yield optimal rates of convergence.
Therefore this paper studies several options to lift in-
ner nodes onto the surface to achieve optimal rates of
convergence.

The proposed method builds upon a linear—but
accurate—discretization of the solid domain. As de-
tailed in Sec. 3, this is achieved by an octree decom-
position to find corners and points on edges. With
a continuation method edges—defined as intersection
curves—are traced and finally the surface is triangu-
lated using a combination of marching cubes and ad-
vancing front method. This linear mesh is stored in a
data structure where surface elements are defined in
terms of edges and edges in terms of nodes. With this,
edges and elements (faces) may be lifted separately as
shown in Sec. 4. Sec. 2 of this paper introduces the no-
tation used and Sec. 5 compares the discussed lifting
methods and applies the procedure to some boundary
value problem on different geometries.

2. PRELIMINARIES

Behind the manifolds (surfaces or edges) to be meshed
lays a solid domain €2,

Q= {z R’ | ¢a(zx) <0}, (1)

where ¢ () : Bo C R? — R is a level-set function and
Bq its respective bounding box such that Q2 C Bg. The



Figure 1: Overview of the process: (a) solid model under consideration, (b) constitutive surfaces, (¢) octree decom-
position (green cells: 2 intersections, red: > 3 intersections, other cells not shown), (d) detected corners, (e) detected
corners and edges, (f) higher-order edge mesh, (g) linear surface mesh, (h) curved surface mesh.

boundary of €2 is defined with the same concept as
So=00={z R’ | ga(z) =0} . (2)

We refer to Xq as the final surface to be meshed.
Per the following definitions, it is a closed 2-manifold.
There exist also a number of analytic C°°-smooth
level-set functions ¢;(z) : B; C R®* — R to define
smooth surfaces (or simply surfaces)

2= {x eR® | ¢i(x) =0} , (3)

where B, are again the corresponding bounding boxes
to each ¢;(x). Herein, it is assumed that each ¢;(x)
describes a distinct surface, that is £; # ¥; V i,7, i #
j. Each ¥; is also equipped with a surface normal vec-

o Voi(x)
i\ L
Vi)l
Similar to the concept of constructive solid geometry,

these level-set functions and surfaces together make
up the final domain or surface, such that

8Q:U2i

here X;
where ;|

n;(x)

20 BQ:ZmGQ, (5)

are denoted as the surface segments. Also
note that in practice, ¢o(x) is created from ¢;(x)
through Boolean operations. If it is desired to have
¢o(x) available as an analytic function, R-functions
[35] may be used to implement the Boolean operations.
The intersection I';; describes the point set

Fij:ZiﬂEjﬂZQ, (6)
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which can contain regular and tangential intersection
curves forming C° and C' continuous edges respec-
tively. It may also contain branching points of inter-
section curves, which are characterized by

IVi(x) x V()| = 0. (7)

T';; can however not contain surfaces, due to the lim-
itations on ¢;(x) set above. Additionally, as per [36,
Theorem 3], it is a closed, smooth space curve. Regular
corners are described by the point set

Tijk=%:N3;NErN3Eq. (8)

Together with branching points, these form the sets
of corners and are denoted by OI'.. To facilitate trac-
ing of edges, also edge segments I'e are defined. These
go from corner to corner. Furthermore, edge segments
exclude surfaces intersections that do not form an edge
on Y. Because ¥; are smooth and branching points
are included in the definition of 9T, an edge seg-
ment is a smooth space curve, free from branching
points and therefore easy to trace with a continuation
method. An edge-segment is C'* continuous or tangen-
tial if the tangent vector

tij(z) = ni(z) x n;(x) (9)

vanishes, that is ||£;;]] = 0. In such a case, t;; points
in the direction where the normal curvatures of both
surfaces are equal.

Regarding the finite element technology used in this
paper, Lagrangian elements of order p with equidis-
tantly spaced element-nodes x, are used. With the



help of the isoparametric mapping

x(r) : A CR? - Q. cR®  d={1,2}, (10)

the Jacobian (in this case the Gram’s determinant) is
defined as

13(r)] = /det((Vx(r)T - Vx(r)).

(11)

3. LINEAR RECONSTRUCTION

The linear discretization lays the foundation for the
eventual lifting process and it relies heavily on the con-
cept of geometry definition laid out in Sec. 2.

3.1 Corner Detection and Edge Tracing

With octree decomposition of the bounding box Bg
and parallel intersection testing with respect to each
3., roots for potential intersection curves, branching
points and regular corners are isolated. The roots are
then located using (6), (7) and (8) respectively. These
equations can be solved with a standard Newton-
Raphson scheme. With the multi-level-set concept it
is clear that only cells intersected by three or more 3;
may contain regular corners and the same can be said
for branching points and intersection curves with two
or more Y;-intersections. Hence, only a small subset
of cells needs to be checked for roots. Edge segments
are then traced starting on respective points using a
predictor-corrector-like scheme: First, a start value
m%,e 41 near the next edge-point is created based on
the tangent vector of the intersection curve:

mOE,e+1 = TE,e + tij(t'r/E,e) htr- (12)
This start value is then projected onto the intersection
curve by solving the system of equations:

¢i(xper1) =0
$j(Tmet1) =0  with ¢a(z:) =0,
¢o,e(mE,e+1) =0

(13)

where zero-level set of ¢, describes a sphere, centered
at g, with radius h., which is the predefined step-
length. In practice, h:r is set to a value smaller than
the minimal distance between two branching points.
If no solution to (13) is found, h¢- may recursively be
halved. Tracing terminates if g 41 is closer than
htr/2 to a corner or to the start point of the initial
point (xg,0) on the edge. (13) is solved with the clas-
sical Newton-Raphson method using w%ye 11 as initial
guess.

In case a tangential intersection curve is being traced,
the approach to solve (13) with a Newton-Raphson
scheme would fail or would produce inaccurate results
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at least. Therefore it is suggested to minimize the
objective function

F(z) = ¢i(®)” + ¢j(®)* + ¢o.c(x)” + Tij(x)  (14)
with the tangentiality constraint
7ij (@) = [|Vi(x) x Vo, ()] . (15)

instead. The tangentiality constraint ensures an ac-
curate solution by specifically enforcing tangentiality.
Note that this constraint may also be used to quantify
the tangentiality of a given intersection curve. Because
T;; is simply a term added to the objective function, it
is technically still an unconstrained optimization prob-
lem that is solved with the gradient descent method
using the step length described in [37].

3.2 Linear Surface Meshing

0q A€ discretized
with the following steps: 1) Discretization from a
marching cubes scheme. This triangulates the whole
3, i.e., also segments not part of Xq. 2) Therefore,

simplices not completely part of Ei’ 5o A€ removed.

In a nutshell, surface segments 3;

3) The resulting triangulation is linked with the edge-
polygons by an advancing front algorithm, extended
for direct meshing of surfaces similar to [38] or [39].
4) To avoid elements with undesired inner angles, the
mesh is smoothed using an extension of distmesh [40]
for curved surfaces. At the end of this process, a lin-
ear surface mesh X7 with specified edge-length h is
available for linear FEM analyses or for subsequent
higher-order meshing.

The combination of advancing front method and
marching cubes is needed in order to accommodate
for closed surfaces (where there exists no boundary
that can serve as initial front) and bounded surfaces
(where the edges need to be considered explicitly).

4. HIGHER-ORDER MESHING
4.1 Higher-Order Edge Meshing

For lifting a linear edge mesh I'* to a curved, higher-
order mesh T'™P  multiple alternatives may be con-
sidered. The first one is to distribute the required
amount of higher-order mesh nodes along I'. equidis-
tantly and project those nodes onto I';;. This yields
a curved mesh with approximately equidistant nodal
spacing. By using the resulting curved mesh, one can
iteratively improve the nodal positions, which leads to
a variational approach: To equidistantly place nodes
on a curved mesh, an auxiliary boundary value prob-
lem (BVP)—specifically the Laplace Beltrami equa-
tion (as later defined in (22))—is solved using the fi-
nite element method. The idea is to use the solution



Figure 2: Illustration of equidistant node projection.

of the BVP as arc-length parametrization (approxi-
mate and scaled by a constant factor) to place the
higher-order mesh nodes. For that, on both ends of
the edge Dirichlet boundary conditions (the values 0
and 1 respectively) are set and the BVP is solved. The
solution
u(x) - T — [01]

is then used to place nodes & at desired positions
4 in the arch-length domain by finding & such that
u" (&) = 4. The node positions obtained this way, lay
on the mesh I'? used in the BVP and hence need to
be projected onto I'. again.

An arguably simpler method is to element-wise lift
inner nodes onto I';; such that their normal projection
onto the linear connection between the end nodes is
equidistant, as illustrated in Fig. 2. For this, only the
following system of equations is solved for x.:

pi(xe) =0
¢j($e) = 07

pu(xl,vap, ) =0

(16)

where the zero iso-line of ¢.(x.,vap,x.) defines a
plane normal to the vector vap = £p — x4 and going
through «,, which is the normal projection of x. onto
AB. See Fig. 2 for a sketch.

4.2 Higher-Order Surface Meshing

The remaining task is to lift an existing linear surface
mesh to a specified order p. Essentially, this is accom-
plished by projecting additional mesh-nodes onto the
surface. While this sounds trivial, multiple variants
exist and not all lead to optimal results. Specifically,
there are choices to be made regarding a starting point
and the projection method to be used. It is assumed
that the linear surface mesh is represented through a
hierarchical data structure where elements are defined
in terms of element-edges and element-edges in terms
of nodes:
Element — Edge — Node
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This way, element-edges and elements can be lifted
separately. This is important, because edges of the
original edge-mesh, from hereon denoted boundary
edges, require a different lifting than the other element-
edges, herein denoted interior edges. The following
discussion of edge-lifting hence only concerns interior
edges.

The task of node lifting is to determine the coordinates
of a higher-order element node x, in the physical do-
main. This mapping is split into two stages:

P (=)

x(r) m((go) T,

Ty (17)
as depicted in Fig. 3. In the first stage, x(r) maps the
node from the reference domain of the given higher-
order element onto some intermediary element in R>.
This provides the start value mEO) for the projection
operator P(x), which lifts the nodes to their final lo-
cation on the surface. The intermediary element in
the simplest case can be a linear element yielding the
mapping X““(r). For surface-elements, it can also be
an element that is curved based on its already lifted
edges, as created with transfinite interpolation [41, 42]
denoted by x"'?&(r) in Fig. 3. Hence, the kind of inter-
mediate element determines the location of the start
value of the subsequent projection.

For the projection operator P(x) there are two alter-
natives: One is a line-search method: Find a such
that

fla) = ¢i(x” + av) =0, (18)

where the vector v is the search direction and « a scal-
ing parameter, which is to be determined by a univari-
ate Newton-Raphson scheme. The final node position
is then x, = méo) + a v. For the search direction v,
possibilities are:

1. The surface gradient at the starting point: v =
Voi(z”), or

2. the surface normal of the intermediate element
v = n,, or, for edges, the average of the normal
vectors of the adjacent elements v = n, 1 + n- 2.

The other projection method considered here would
be to change the search direction v in each iteration.
This leads to an iteration scheme like

Vei(x)

Y =2y — gi()”) 7
Vo)

(19)

In this case, the gradient of ¢;(x) at each iteration
step can be interpreted as search direction.



X\'m (T)

Figure 3: Two-staged mapping procedure for the surface mesh with linear intermediate element (gray, middle figure)

and blended intermediate element (right figure).

5. NUMERICAL STUDIES
5.1 Study of Edge Lifting Variants

In this study, the effect of the two discussed possibil-
ities to create higher-order edge meshes on the mesh
quality is assessed. For this purpose, a convergence
study is run on the geometry shown in Fig. 4a and
Fig. 4d. The study was done only on the upper edge.

Referring to the alternatives discussed in Sec. 4.1, the
variants studied are as follows:

Ve, lift with equidistant projection,

VE,2 mesh with variational approach.

In the study, the error in the approximated edge-
length

LY — Ly
ELe = ’W (20)
is measured (here, |-| denotes the absolute value of

a scalar). Also, the ratio of the Jacobi determinant
(as defined in (11)) within an element is computed,
which is hence an element-wise measure, as proposed,
e.g., in [2]. As mesh-wide measure, the worst of these
ratios is taken:

min |J(7)|

Qref )
max |J(r)| vr e

pJ = max (21)

The possible values range from 1 (best) to 0 (worst).
In the study, |J(r)| was evaluated on fine sub-intervals
in each element.

The results in Fig. 4 show slightly better convergence
behavior with a lower constant for ey, in Vg 2. Also
for pj, VE,2 yields better results: Here, the rate of
convergence is also dependent on p, whereas in Vg 1,
it seems to only depend on the element size h. As
result, Vg2 is chosen as edge-lifting variant for the
following studies.

106

5.2 Study of Surface Lifting Variants

The various options on lifting surface elements shall
be studied on a full sphere (denoted G2) and a hollow
sphere intersected by two cylinders (denoted Gs) as
originally shown in [43]. See Fig. 5 for the coarsest
meshes for each geometry.

The options discussed in Sec. 4.2 are summarized and

assigned the following variants: For the mapping onto

the intermediate element resulting in the start value
(0)

Ty

Vi1 linear element using x'"(r),

V.2 transfinite from with

X" (r),

interpolation edges

and for the choice of search direction

Vu,1 line search with v = n, for surface elements, or
v =n,1 + n- 2 or for edges,

Vu,2 line search with v = V@(af;éo))

Vu,3 gradient-descent method with variable search di-
rection.

For each possible combination of the variants above,
an hp convergence study is conducted. As boundary
value problem the Laplace-Beltrami problem, as de-
scribed in [44, 45], was considered. Find v : I' — R
such that:

7A["LL = f

U =dgp

on €

22
on 9Qp, (22)

where Ar is the surface Laplace-operator. In this case
Q= UZ,ZZ- . 00p = Uel“e and

gp = u =sin (2z + 3/2y + 7/10z2) .

The source term f as chosen such that v = u®® on
Q as done in the method of manufactured solutions.
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The closed form of f is not given here, because the
resulting expression is rather lengthy, as its compu-
tation involves the surface Laplace-operator, which in
turn involves the surfaces normal vector field of ¢q(x).

The continuous weak form of (22) is: Find u € H'(Q)
such that:

/Vru-VrU da::/fvdx Vv € Hy(020p). (23)
Q Q

where Vr is the surface gradient operator, H'(Q)
is the usual Sobolev space containing the all square
integrable functions with first derivatives in 2 and
H3(0Qp) = {u € H' | u|aQD: 0}. The weak form
(23) is discretized with a standard continuous Bubnov-
Galerkin method. The resulting linear system of equa-
tions is solved using a direct solver for sparse, symmet-
ric systems.

The error of the residual of the strong form of the BVP

e5r :Z“Aru+f2|‘1:2(m)’ (24)
¢

serves as measure for the quality of the approximated
solution.

To assess the regularity of the iso-parametric mapping,
again ps as defined in (21) is taken.

The results for egp in Fig. 6 attest optimal rates of
convergence for V . For V, i only elements of p=2
converge as expected. Since this is also the high-
est possible order for which standard Lagrangian el-
ements to not have an inner node, it demonstrates
the importance of choosing a suitable start value—
achieved through a curved intermediate element—for
surface projection. For the search direction, there is
no clear conclusion from the error plots, especially for
G's, where the error levels seem to be almost identical
across the variants. A noteworthy exception is V5,3 for
G2. The sphere G2 is smooth and hence is free from
boundary edges, which would be lifted with a different
method. From that it can be concluded that closed,
smooth surfaces can also be lifted with this method.

5.3 Boundary Value Problem on Surface
Mesh

In this example, the geometries shown in Fig. 8 are
considered for an hp convergence study. The geometry
G1s is considered in [46] as test case due to the branch-
ing point created by the intersection of the sphere with
the cylinder. G4 features some curved, C ! cont. edges
and G31 shows a typical engineering geometry. Again,

108

the Laplace-Beltrami problem (22) is solved. In addi-
tion to esr also the relative Jacobian

J
ae = 5 PO (25)
Jo, 1=
is observed. Values range from 0 to oo with 1 being the
optimal value indicating a quasi-affine iso-parametric

mapping.

The results of the study are collected in Fig. 10. In a
nutshell, esr reaches optimal rates of convergence for
all tested geometries after some pre-asymptotic behav-
ior. In Fig. 9c, the relative Jacobian is plotted for a
specific mesh used in the study. It can be seen that
the Jacobian varies especially in elements that are part
of boundary edges. This behavior might be reduced
by optimizing interior edges, for example by Winslow-
based smoothing [47, 48] extended to manifolds.

6. CONCLUSION AND OUTLOOK

It was shown how curved, higher-order accurate
meshes for non-smooth surfaces can be created. The
non-smooth surfaces are the result of set-theoretic op-
erations on smooth surfaces that are defined implic-
itly with algebraic equations. Special focus was paid
to provide meshes that allow optimal rates of conver-
gence in the p-FEM, even for C' continuous edges.
By defining the final geometry via multiple smooth
implicit surfaces, the detection of non-smooth sur-
faces features (such as corners and edges) is signif-
icantly simplified: In detail, the presented method
starts with an octree decomposition of the embedding
space for root isolation. Then, by root-finding, corners
and points on intersection curves are found, which are
then traced to arrive at a polygonized version of the
edge. Smooth surfaces are first being discretized using
marching cubes, then reduced to the faces part of the
final surface and then finally, together with the edge
mesh, connected using the advancing front method.
The result is a linear surface mesh that is lifted by
projecting element nodes onto the surface. Different
variants for the surface meshing procedure are studied.
Numerical examples show optimal rates of convergence
for boundary value problems on different geometries.

The presented work can serve as basis for volume
meshing of implicit geometries where the constructed
higher-order surface meshes as described herein are
used as a starting point. It may also be extended
to incorporate variational methods to smooth surface
meshes.
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Figure 5: Coarsest meshes and solution to the Laplace-Beltrami problem (with p=2) used in studies.
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Figure 7: Jacobian ratios p; for all surface lifting variants on both geometries.
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